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Through tracing back to EA/SK models, we disentangle the construction logic of SYK model.
During the construction, we recall the technical essence of replica method. Then we point out the
redundance of the flavor group and the slave indices as well as the color group via the generalization
from 2-index SY model to its 4-index version and the simplification of the latter in terms of Majorana
fermions. Spectacularly, such a simplification reserves the system’s self-consistency condition. Get-
ting rid of the redundance, the model itself and its effective action have the same O(Ns) structural
symmetry, while it realizes AdS2/CFT1 holography by the emergent conformal symmetry. We also
clarify the model transmutation to matrix model and argue that the disorder-averaged SYK model
naturally preserves a holographic nature. Based on the transmutation and the correspondence with
vector model, SYK model is formally a hybrid of these two models. Its quantum and semiclassical
properties are also discussed respectively.
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I. INTRODUCTION: FROM EA/SK MODEL TO
SYK MODEL
Gauge/gravity duality [1]-[4] has been observed within
holographic metals [5], and this has make spectacular
inspirations in holography to 4-index Sachdev-Ye (SY)
model [6]-[8], as well as the simplified Sachdev-Ye-Kitaev
(SYK) model [9]-[13].
The original 2-index SY model is an interaction many-
body spin system that can reliably describe the gapless
mean-field spin liquids [14]-[16], which can be traced back
to the Edwards-Anderson (EA) model [17] or Sherrington-
Kirkpatrick (SK) model [18][19] about the replica theory
of spin glasses.
Complying with Mermin-Wagner (MW) conclusion [20],
both SY and EA/SK models are obedient to the condition
where the disordered spins are interacting through all-to-
all or infinite-ranged random exchange couplings which
are independently drawn from Gaussian distribution.
To deal with such disordered systems with the quenched
random couplings functionally, the replica method has
been introduced playing the role of the mean-field theory
[17][21][22].
The original motivation of such a method is to in-
tegrating out the spins by altering the integral order
between spins and couplings. Phrased another way, replica
method is a technique to complete the mixed functional
integrals of spins and couplings in the way of isolating
them. Moreover, the replica index (m) is valid in all
its values and can be taken into infinitesimal to get the
approximated solutions [17][23].
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Thus technically, the replica method can be achieved
through the following identity in the sense of averaging
the free energy [18],
lnx = lim
m→0
xm − 1
m
. (1)
However, for the replica-diagonal situation [14], the
replica method can be more tricky [11],
lnx = lim
m→0
lnxm
m
, (2)
which makes the replica be kind of trivial [24].
Meanwhile, in the sense of mean-field theory, the replica
is formally equivalent with slave fermions [25][26]‡[7] for
such disordered systems. This allows one to transform
2-index SY model to 4-index form [14][6].
In detail, generalized from EA/SK model, the 2-index
SY model is governed by the following action,
S = S
B
−
∫
dτHint, (3)
where S
B
denotes the Berry phase (BP) term, coming from
coherent-state path integral (CSPI) [27][26]†, to character-
ize the single-spin kinematic property, and the interaction
Hamiltonian of the system is,
Hint ∼ 1√
NsNf
Ns∑
i,j
Nf∑
m,n
Jij Sˆmi (τ)Sˆnj (τ ′), (4)
with Sˆm the generators in the representation of flavor
group SU(Nf ), Ns the number of sites, and the sum over
‡ Chapter 9.1
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2sites (i, j) extends over all Ns →∞ sites.
Clearly, besides the invariance under SU(Nf ) symme-
try, the Hamiltonian is also invariant in the spin-rotation
symmetry which can be expressed as ZNs2 [22][28]. Because
Z2 is the center of O(N), Z
Ns
2 can be generalized to O(Ns)
symmetry.
The quenched couplings Jij are all randomly taken from
a Gaussian probability distribution which are all infinite-
range and independent,
P(Jij) = 1
σ
√
2pi
exp
(− 1
2
J 2ij
σ2
)
, (5)
with zero mean Jij = 0 and variance σ2 = J 2ij = J
2
Ns
where
J is the characteristic energy scale of the system.
They play their role during the average on the spins’
disorders,
〈· · · 〉J ∼
∫ +∞
−∞
N∏
ij
[
dJijP(Jij)
] · · · . (6)
Together with Eq.(4), technically, if we take the flavor in-
dices (m,n) as the replica indices and make one Gaussian
integration (or namely the Hubbard-Stratonovich Trans-
formations [29]-[31]) to integrate out the couplings, then
we can arrive at the replica-form 4-index effective action.
Analogous to Eq.(3), with the Hamiltonian in the follow-
ing,
Hint ∼ J
23!
2N3s
Nf∑
m,n
∫ β
0
dτdτ ′Sˆm(τ)Sˆn(τ ′)Sˆm(τ)Sˆn(τ ′). (7)
Clearly, such kind of mean-field limit reduce the disor-
dered spin systems into the single-site problem with m(n)
replicas. This equals with the slave-fermion expression in
terms of spinon operators fmi ,
Sˆmi ∼
Nf∑
m
f †mi f
m
i . (8)
That is,
Hint ∼ J
23!
2N3s
Ns∑
i
Nf∑
m
∫ β
0
dτdτ ′|f †mi fmi |4. (9)
With spinon operators, the kinematic property can be
represented differently from S
B
[7],
S
B
∼
Ns∑
i
Nf∑
m
∫ β
0
dτ(−f †mi
d
dτ
fmi ). (10)
Combination of Eq.(9) and Eq.(10) gives the full replica-
form effective action,
Seff =
Ns∑
i
Nf∑
m
{∫ β
0
dτ(−f †mi
d
dτ
fmi )−
J23!
2N3s
∫ β
0
dτdτ ′|f †mi fmi |4
}
. (11)
The saddle points of the effective action, e.g., the Green
functions of the disorder-averaged spin liquids system,
are all replica-diagonal, thus the replica indices can be
dropped. This is consistent with the fact that the replica is
trivial in spin liquids system [14][11][24], we can ignore it at
the beginning and simplify and reduce the effective action
back to the 4-index form before the disorder average,
S ∼
Ns∑
j
∫ β
0
dτ(−f †j
d
dτ
fj)−
Ns∑
j,k,l,m
∫ β
0
dτdτ ′Jjk;lm(f †j fk)(f †l fm). (12)
On the one hand, under such simplification and reduc-
tion, the replica indices and the flavor group of spins [14]
as well as the color group in CSPI [27] are actually all
redundant for the model itself.
On the other hand, with such a fermionic spinon
representation, the system will describe the spin liquids
since fermions are naturally incompatible at one single site
and the spin glasses are manifestly excluded. Compared
with the ordered system which can be described by
a semiclassical procedure, the spin liquids system are
intrinsically quantum mechanical [14].
For such a quantum system, its canonical quantization
condition is expressed by fermions’ anti-commuting rela-
tions,
{f †j , fk} = δjk, {f †j , f †k} = 0, {fj, fk} = 0. (13)
If we transform Eq.(12) based on Eq.(13), there will be
an additional Kronecker δ-function term in the Hamilto-
nian,
Hint ∼
Ns∑
j,k,l,m
Jjk;lmf †j f †kflfm − δkl
Ns∑
k,l
J (f †kfl). (14)
Such an addition protects the Hamiltonian’s globally
U(1) symmetry and the corresponding globally conserved
charge, which are manifestly shown from the change of the
spinon number constraint,
Nf∑
m
f †mi f
m
i = NfQ⇔
Ns∑
i
J (f †i fi) = NsQ, (15)
with 0 < Q < 1 the U(1) charge density which has the
meaning of order parameter (Q2) of spin glasses in EA
model [17].
This U(1) symmetry plays a vital role in the relation
between SY model and universal low temperature theory
of charged black holes from the Bekenstein-Hawking
Entropy prospective [8][32][6].
However, the addition is actually the chemical potential
within the spinon representation and this will destroy the
3self-consistency condition of the spin liquids system. The
reason is that the quenched order in the spin-represented
SY model is generated by the gapless “heat bath” which
is self-consistently generated internally by the other spins,
the model can be taken as a canonical ensemble. With
this potential, the canonical ensemble will transformed to
grand canonical ensemble.
In order to reserve the self-consistency condition and
keep the model simple, one way is replacing spinons in
Eq.(12) by Majorana fermions (MFs) since they are ex-
actly the same as their Hermitian correspondence,
χ† = χ, {χ
j
, χ
k
} = δjk. (16)
In this way, we are arriving at SYK model,
S ∼
Ns∑
j
∫ β
0
dτ(−χ
j
d
dτ
χ
j
)−
Ns∑
j,k,l,m
∫ β
0
dτdτ ′Jjklm(χjχkχlχm). (17)
In such Majorana representation, the heat bath quenches
the order comes from the self-consistently effective MF field
[10][9][11],
Oj = −i∂Hint(χ)
∂χ
j
∼
Ns∑
k,l,m
Jklmχkχlχm . (18)
Besides the ignored U(1) symmetry, SYK model also
differs in symmetry from the original SY model. Without
replica, the SU(Nf) symmetry is directly cancelled while
the O(Ns) symmetry is reserved by particle-hole symmetry
based on Eq.(16).
By now, for the model itself, SYK model is a self-
consistently quenched disordered quantum mechanical
spin liquids system of Ns all-to-all interaction MFs invari-
ant under the O(Ns) symmetry.
For its algebra, we can normalize the algebra basis and
rescale the anti-commuting relation in Eq.(16) to {χ
j
, χ
k
}=
2δjk with (χj )
2 = 1. Therefore, the algebra for MF opera-
tors must be Clifford algebra with orthogonal basis,
{{χ
j1
χ
j2
· · ·χ
jq
}∣∣1≤j1<j2<· · ·<jq≤Ns, 0≤q≤Ns}(19)
and the total dimension of Clifford Algebra is [CL] = 2Ns ,
while the dimension of Hilbert Space is [HIL] = 2Ns/2
[33][34][35].
The different dimensions between Clifford and Hilbert
spaces explain the constraint of Eq.(15). That is, when
we change from Hilbert space (2-index: one spin state per
site or two fermions per site) to Clifford space (4-index:
one fermion per site), we have to impose the fermion
number constraint to make sure the equivalence between
the varied Hamiltonians.
To be noted, without the globally U(1) symmetry, SYK
model finds another way to dual with black hole, i.e., the
“shock wave” which will be showed up in the later Out-of-
Time-Order Correlators (OTOCs).
II. EFFECTIVE ACTION AND LARGE-Ns
STRUCTURE
Similar with the procedure in 4-index SY model (Eq.(5)-
Eq.(11)), the replica-form and disordered partition func-
tion of SYK model is [11],
〈Zm(J )〉 =
∫ +∞
−∞
DBZm(σB) =
∫ +∞
−∞
Ns∏
j,k,l,m
[ 1√
2pi
exp(−1
2
B2jklm)dBjklm
]×
∫ +∞
−∞
Dχ
[
Tr T
{
exp
( m∑∫ β
0
dτ(−1
2
Ns∑
j=1
χm
j
d
dτ
χm
j
)
)−
exp
( m∑∫ β
0
dτdτ ′(
Ns∑
j,k,l,m
σBjklmχmj χmk χml χmm )
)}]
. (20)
with Bjklm = Jjklmσ . In this way, the order between the
integration on MFs and couplings can be altered, we can
thus first integrate out the couplings,
〈Zm〉 =
∫ +∞
−∞
DχTr T
{
exp
(− 1
2
m∑ Ns∑
j=1
∫ β
0
dτχm
j
d
dτ
χm
j
+
σ2
Ns∑
j,k,l,m
(
m∑∫ β
0
dτdτ ′(χm
j
(τ)χm
k
(τ ′)χm
l
(τ)χm
m
(τ ′))2
)}
.
(21)
It is interesting to see the disorder-averaged replica-form
Hamiltonian of this model,
H ∼ σ2
Ns∑
j,k,l,m
m∑(
χm
j
(τ)χm
k
(τ)χm
l
(τ)χm
m
(τ)
)2
(22)
If we take the slave fermions in Eq.(8) as color-singlet
quark bilinears (Mjk∼
∑Nc
jk
q¯
j
q
k
) [36]-[38], such a form of
Hamiltonian actually resembles matrix model formally
[39]-[43]†.
This can be seen from bilinears’ Green functions based
on the above Hamiltonian, like that, the 4-point vertex,
〈TrM4〉 ∼ 〈TrT{
Ns∑
j,k;l,m
(
[χm
j
(τ)χm
k
(τ)][χm
l
(τ)χm
m
(τ)]
)2}〉
∼ (2N3s +Ns). (23)
† Chapter 8
4From the one side, this reveals the advantages of obvious
formal simplicity in the calculation of Green functions by
replica method compared with diagrammatical operations.
From the other side, when we deal with large-Ns limit,
the first contribution is dominant undoubtedly. This pro-
vides the guide to determine the variance. To make the
4-point Green function exact, the variance can be tuned as
following,
σ2 = J 2jklm =
J23!
N3
. (24)
This makes the model much simpler than the tensor
model [44]-[47].
Together with the zero mean which is naturally in the
random-site situation [17], the mean and variance of certain
probability distribution will be,


Jjklm = 0,
J 2jklm = J
23!
N3 .
(25)
They reduce the diagrams or the contributions of the
model in the large-Ns limit to a subset which can be
summed exactly, thus guarantees the theory to be solvable
in principle.
It is clear that the exact form of probability distribution
is not essential during the previous calculation. However,
when we trace back to the EA/SK model, the disordered
system is naturally approximated by Gaussian distribution
in the large-Ns limit, and the exact Gaussian distribution
of the SYK model can be expressed in the following,
P(Jijkl) =
√
N3
12piJ2
exp
(− N3J 2jklm
12J2
)
. (26)
We then can continued from Eq.(21) to integrate out the
MFs and arrive at the exact replica-free effective action,


〈Z〉 = ∫ +∞
−∞
DGDΣ exp(Seff);
Seff[G,Σ] = NsS = Ns
{
ln Pf
(− ∂τ − Σ(τ, τ ′))+
1
2
∫
τ>τ ′
∫ β
0
dτdτ ′
(
J2
4 G
4(τ, τ ′)− Σ(τ, τ ′)G(τ, τ ′)
)}
.
(27)
In the large-Ns limit, the Dyson equations or Born se-
ries [48] can be calculated through the saddle points of the
effective action [14][11],


G(τ, τ ′) = 1
−∂τ−Σ(τ,τ ′)
→ 1
−iω−Σ(iω) ;
Σ(τ, τ ′) = J2G3(τ, τ ′),
(28)
Clearly, the saddle point values of G and Σ are respec-
tively the 2-point Green functions (G∼∑Nsi χi(τ)χi(τ ′))
and the self-energy in such dynamic mean-field approxi-
mation.
In fact, we can eliminate the self-energy and have
just the Green functions which are functions of two
time variables in the effective action. Similar with the
color-singlet quark bilinears which are invariant under
O(Nc) symmetry, the Green functions are invariant under
the O(Ns) symmetry. Therefore, the effective is also
O(Ns) invariant.
That is, for both the model itself and its effective action,
SYK model preserves the O(Ns) symmetry.
III. HOLOGRAPHY APPROACH AND MODEL
TRANSMUTATION
In the IR scaling limit, the high frequency term can be
separated [47][32][8][11], and the saddle points display an
emergent time-reparameterizations symmetry,

G(τ, τ ′) =
[∂f(τ)
∂τ
∂f(τ ′)
∂τ ′
]1/4
G(σ, σ′);
Σ(τ, τ ′) =
[∂f(τ)
∂τ
∂f(τ ′)
∂τ ′
]3/4
Σ(σ, σ′),
(29)
where σ = f(τ) ∼ eiφ(τ). This is the critical conformal
property of SYK’s solution because it obviously preserves
diffeomorphisms and Weyl invariance in Euclidean space
(it is common to switch to Minkowski space by Wick
rotation, vice versa).
We can then choose the SL(2,R) symmetry for such IR
regime to fit the conformal transformations, i.e.,
f(τ) =
aτ + b
cτ + d
, a, b, c, d ∈ R, ad− bc = 1. (30)
Clearly, such a symmetry will be spontaneously broken
by the separated UV effects.
In the meantime, the characteristic energy scale J of
the system has the dimension [J ] = 1. As a result, the
model will be strongly coupled in the IR regime, and such
a strong-coupling property is enhanced by an effective
coupling constant βJ with β ∼ 1T in the low-temperature
limit.
Therefore, the effective theory of SYK model in the IR
regime is an emergent strongly coupled CFT1 theory and
this paves the way to holography.
First of all, compared with weakly-coupled vector O(N)
models [49], the effective strong-coupling property is
essential to trust the gravity approximation from the side
of gauge theory [4][50].
Secondly, according to holography theory, the emergent
CFT1 corresponds to AdS2 space because the AdSD space
is bounded by Minkowski space R1,D−2,
∂AdS
D
= R1,D−2. (31)
5This is also confirmed by the fact that both effective
theory of SYK model in the IR regime and AdS2 space
preserve the SL(2,R) gauge-like symmetry [51].
As above, AdS2 space has a holographic correspondence
with SYK-CFT1 field theory.
Furthermore, AdS2 space can be characterized by
Schwarzian action which is the simplest action of SL(2,R)
symmetry and related to black holes.
This implies that, SYK-CFT1 field theory can also
be described by the Schwarzian action, and the field
f(τ) is referred to as the soft mode of bulk gravity
in AdS2 space [52]-[54]. As a result, SYK-CFT1 indeed
gives the gravitational mode [55] and relates to black holes.
For black holes, the semiclassical theory of gravity gives
some amazing results [56]-[61]. Therefore, if SYK-CFT1 is
about “quantum gravity”, there muse be some universal
behaviors of black holes from it.
Greatly, black holes have one kind of gravitational mode
namely the “shock wave” [62][63] which show ups in the
aforementioned OTOCs [64]-[66].
Instead of requiring a complete theory of quantum
gravity, OTOCs allow the comparison between black holes
and the conventional many-body systems. The black hole
OTOCs at early times (but after all 2-point correlators
have decayed) have some characteristic properties that
reflect the physics near the horizon [67].
One significant feature of OTOCs is their time depen-
dence,
G(0, τ ; 0, τ)
G(0, 0)G(τ, τ)
∝ eατ , (32)
where α = 2piβ denotes the Lyapunov exponent and β here
is the reciprocal of Hawking temperature T .
Usually, the Lyapunov exponent is smaller. In fact,
there is general relation α ≤ 2pi/β for any quantum system
at temperature T [68]. However, it is rather difficult to
satisfy, e.g., the 2-index SY model.
For SYK-CFT1 [13],
G(0, τ ; 0, τ)
G(0, 0)G(τ, τ)
∝ βJ
Ns
eατ . (33)
That is,
α ≈ 2pi
β
, if βJ ≫ 1. (34)
As a result, the SYK-CFT1 has the maximum Lyapunov
exponent thus matches the black hole result comparatively
well.
Such a match again verifies the connection between
the effective SYK model and 2-dimensional bulk gravity
[12][11][47][32], and identifies the soft mode in SYK model
with ’t Hooft’s gravitational modes [54][69]-[71].
This is the also reason why the holography must be
achieved in the 4-index form. Actually, the reason why we
have to turn to such 4-index form can also be seen from
Eq.(22) and Eq.(23).
As we have argued, the disorder-averaged Hamilto-
nian resembles the matrix model formally through the
structural similarity between Green functions and quark
bilinears.
Furthermore, since the Green functions are of two
variables, the effective action of Green functions can be
taken as a field theory defined on a 2-dimensional space.
This again supports the structural similarity between the
disorder-averaged action and the 2-dimensional large-Nc
matrix model. What’s more, when both of them are
strongly coupled, they are all gapless and having no
quasiparticles.
In other words, based on the disorder average, Eq.(22)
shows certain kind of model transmutation between these
two models. Eq.(23)-like Green functions justify such
a transmutation because both of the models shares the
same mechanism to choose what subsets of the theories
contribute effectively to the Green functions.
Like that, for the matrix model, the foundation of holog-
raphy lies in the fact that its Green functions in the
strongly coupled situation can be expressed in terms of the
topology of Riemann surfaces in which the chosen subset
(planar diagrams) can be embedded [72]-[74],
G ∼
∞∑
h,b=0
( 1
Nc
)−χ ∞∑
n=0
ch,b;nλ
n, (35)
where χ = 2 − 2h − b is the topologically invariant Euler
characteristic number which characterizes the topology of
the manifolds.
This foundation builds the relation with string theory
[75][76], especially the Type IIB superstring theory which
has an SL(2,R) symmetry that when quantized reduces to
SL(2,Z). Meanwhile, in addition to the global symmetry
group SU(2; 2|4), the Super Yang-Mills (SYM) theory also
has the (conjectured) S-duality symmetry group SL(2,Z).
Very overall speaking, after checking thoroughly through
the field maps and Green functions between the model
and string theory, the symmetry accordance generalizes to
general holographic correspondence between the quantum
gravity on an AdS background and conformally-invariant
non-gravitational field theory defined on such AdS bound-
6ary [1]-[4], e.g.,
(Type IIB superstring theory on AdS5 × S5) ≡
(N = 4 SYM in 4−dimensional spacetime). (36)
Compared with the holography approach of SYK model,
these two models share the similar approach towards
holography: the same symmetry between two theories
implies certain correspondence.
In this meaning, although these two models varies a lot
in details, such a transmutation indeed naturally allows
the disorder-averaged form of SYK model to share the
holography property of the matrix model.
At the same time, the kinematic BP term is a general
effect within CSPI. It is a geometric phase which repre-
sents the amount of frustration of assigning or parallel
transporting a common phase to all the coherent states.
Moreover, the concepts of parallel transportation and
the frustration in parallel transportation are very impor-
tant because both electromagnetic field and gravitational
field are generalized BPs [26]†.
Like that, SY’s BP is kind of magnetic flux [27]. Thus
we should ignore it towards holography and, fortunately,
this is reasonable at low energies.
In a word, the disorder-averaged SYK model as a whole
preserves a holographic nature with strong couplings in the
IR regime.
IV. CORRESPONDENCE WITH VECTOR
MODELS
Different from the hidden model transmutation, the
effective action which emerges the SYK-CFT1 theory
apparently preserves the O(Ns) symmetry. What’s more,
the large Ns factor in the effective action makes the theory
in terms of G and Σ be semiclassical.
For such semiclassical situation, it is convenient to
analyse it from the conventional vector O(N) models.
There have been work showing the structural similarity
between the effective action and certain kind of nonlinear
σ model by rewriting Schwarzian in terms of certain
vector field [24]. Or more directly, representing the
disordered-averaged action through bi-local fields (Green
functions) to map the form of vector model [77]-[79].
Here, we will simply go from the linear σ model to
discuss the semiclassical property of SYK’s effective action
because the nonlinear σ model is just the geometrically
† Chapter 2.3.3
generalized linear situation [43]†.
The linear σ-model is a theory ofN scalar fields packaged
as an N vector field ({φi : i = 1, · · · , N ; i ∈ Z}) coupled
by a φ4-type interaction [81]∗[48],
H∼
∫
d
D−1
x
{ N∑
i
∂µφ
i∂µφi−µ2
N∑
i
φiφi+λ
( N∑
i
φiφi
)2}
(37)
To make the 1N dependence transparent, we can intro-
duce an auxiliary field σ,


S[φi]∼∫dDx
{
∂µφ
i∂µφi + Ng σ
2 − σ(φiφi)
}
,
σ(x
D−1
) ∼ gN (φiφi
)
.
(38)
Then the effective action is proportional to N ,
S
eff
(σ,N) ∼ N{Tr ln(∂2 + σ)− 12 +
∫
dx
D−1 1
g
σ2
}
. (39)
Functionally, such an N property can be sought from the
replica method based on the definition of σ, we can treat
the index “i” of φi fields as the replica index,
Z
N
[J ]=(Z[J ])
N
= eN lnZ[J] ∼ 1 +N lnZ[J ] +O(N2). (40)
Because the disconnected diagrams is proportional to
higher powers of N , lnZ[J ] denotes the assemble encod-
ing the fully connected contributions,
N lnZ[J ] ∼ N S
eff
(σ, g). (41)
From the replica procedure we can see that, although
the auxiliary σ field cannot preserve the Z2 symmetry in
the effective action because of spontaneously breaking, it
does reserve the reduced O(N − 1) structural symmetry
itself.
However, the σ field can be diagonalized by an orthogo-
nal transformation,


σδij = O
T
i σijOj ,
OTO = 1.
(42)
This allows us to reduce the replica-diagonal σ model
to the φ4-theory with simply Z2 symmetry, similar with
the situation when we deal with SYK model.
Spectacularly, for the φ4-theory, if we shift the scalar
field strength,
φ 7→
√
~φ, (43)
† Chapter 8
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7then semiclassically,
S[φ]/~ ∼
∫
d
D
x
[
∂µφ∂
µφ−µ2φ2 + (~λ)φ4]. (44)
Clearly, ~ takes the same position as λ in the expansion
and this tells us that the effective coupling of the rescaled
theory is just ~λ.
From the duality between quantum field theory and
statistical mechanics, ~ is dual to the temperature T or
1
β . If we consider the coupling coefficient to be positive
dimensional, then the low energy (IR regime) or low
temperature will correspond to a strong coupling J .
Therefore, if we consider certain IR physics with a posi-
tive dimensional coupling, the weak combination ~λ here
will correspond to 1βJ [19][11] which is just the reciprocal of
the strongly coupling in the effective theory of SYK model.
Because the semiclassical expansion in powers of ~ is
generally equivalent with the loop expansion of the field
theory [42], so these discussions make sense in any field
theory.
Of course, it is farfetched to make the exact correspon-
dence without exact maps of fields and Green functions
and so on. However, just like the couping correspondence
between matrix model and string theory, this correspon-
dence at least displays some semiclassical property of the
effective action of SYK model [80].
V. SUMMARY AND OUTLOOK
To summarise, during the brief review from EA/SK
models to SYK model, we firstly recall the essence of
replica method. That is, it is a technique to complete the
mixed functional integrals by isolating them with the help
of replica indices. For the replica-diagonal SYK model,
such an essence is obvious and even trivial.
Secondly, from the generalization and simplification
from 2-index SY model to 4-index version, technically
speaking, the flavor group and the slave fermions play
the equivalent role in replica method formally. Together
with the color group in CSPI, these three group indices
are all redundant if there is replica procedure. Thus, the
flavor group in the 2-index SY model can be ignored and
simplified to 4-index SYK model.
Particularly, the simplification from 4-index SY model
to SYK model reserves the system’s self-consistency
condition through the anti-commuting relations of MFs.
Compared with the diagrammatical approach in the
calculation of Green functions, replica method takes
the advantage of formal simplicity in the determination
of dominant contributions to the model, and such an
advantage is enhanced through the variance of certain
probability distribution after disorder-averaging.
Disorder averaging procedure is one formal progress
to achieve the replica method by integrating out its
couplings. With the tuned variance, the model’s dominant
contributions can be controlled with solvable property. In
this meaning, the disorder averaging is kind of a trick [47].
Thirdly, for both the model itself and its effective
action, SYK model actually preserves the O(Ns) sym-
metry. However, the proposed model transmutation to
matrix model implied by the replica method suggests that
the disorder-averaged SYK model naturally reserves a
holographic nature with strong couplings in the IR regime.
Explicitly, SYK model arrives at AdS2/CFT1 hologra-
phy through the emergent conformal symmetry fitted by
SL(2,R) group.
As is known, the idea of holography was inspired by
black hole’s area-dependent entropy instead of volume-
dependent, and this idea was then generalized to the
universal correspondence between gauge theory and
gravity. That is, any theory of holography must be related
with black hole problems. One manifest success of SYK
model is its well match with black hole’s gravitational
mode through the time dependence of the model’s OTOCs.
Fourthly, although the SYK model itself is an essen-
tial quantum mechanical spin liquids system, there are
disagreement from the quantum property of the effective
theory of it. Besides the structural similarity with vector
models, we further point out the coupling correspondence
with them.
Generally speaking, SYK model is much simpler than
Super Yang-Mills (SYM) theory and tensor model, and
based on the correspondence with vector model as well as
the model transmutation, it is like a hybrid of these two
models.
However, from the renormalization group theory
[81]∗[82][43]‡, the property of universality tells us that the
fundamental laws of physics are not determined by the
specified formula of the theory. Instead, they depend only
on the basic symmetry principles of the theory because
the property of RG flow and its fixed points rely only
on the basic symmetries of Lagrangians (Hamiltonians)
continuously varied by them.
Phrased another way, different symmetries lead to
different theories, and symmetry matters the most in a
theory no matter what exact formula it takes.
In this level, no matter whether the effective action of
∗ Chapter 12
‡ Chapter 5
8SYK model is about the real theory of quantum gravity
or not, the emergent conformal symmetry it preserves
matters a lot.
Moreover, more symmetries mean more physics. Other
than the vector and matrix models, Gross-Neveu (GN)
model is an (1 + 1)-dimensional field theory of fermions
with discrete chiral symmetry as well as an SU(Nf) sym-
metry [42],
L ∼
Nf∑
i
ψ¯iiγ
µ∂µψi + λ(
Nf∑
i
ψ¯iψi)
2, (45)
Remarkably, its effective theory can be semiclassically
expressed as,
S
eff
∼ Nf · f(g2Nf ), (46)
with the fixed g2Nf resembles the effective coupling in
matrix model.
From both the symmetry side and the coupling corre-
spondence, compared with the original 2-index SY model
and the matrix/vector models, GN model is much more
closer to SYK model [83]. Thus, the relation between them
is worthy to be investigated.
Acknowledgments
The authors have been supported by Australian Re-
search Council Discovery Project DP190101529 and Na-
tional Natural Science Foundation of China (Grant
No.11775177).
[1] J.Maldacena, “The large N limit of superconformal field
theories and supergravity”, Adv. Theor. Math. Phys., 02:
231-252 (1998), Int. Jour. Theor. Phys., 38: 04 (1999).
[2] E.Witten, “Anti de Sitter space and holography”, Adv.
Theor. Math. Phys., 02: 253-291 (1998), arXiv: 9802150v2
[hep-th] (1998).
[3] J.H.Schwarz, “Introduction to M Theory and AdS/CFT
Duality”, arXiv: 9812037 [hep-th] (1998).
[4] J.Maldacena, “The gauge/gravity duality”, arXiv:
1106.6073v2 [hep-th] (2014).
[5] T.Faulkner, N.Iqbal, H.Liu, J.McGreevy, and D.Vegh,
“Strange Metal Transport Realized by Gauge/Gravity Du-
ality ”, Science, 329: 1043-1047 (2010).
[6] S.Sachdev, “Holographic Metals and the Fractionalized
Fermi Liquid ”, Phys. Rev. Lett., 105: 151602 (2010).
[7] S.Sachdev, “Strange metals and the AdS/CFT correspon-
dence ”, J. Stat Mech., 1011: P11022 (2010).
[8] S.Sachdev, “Beskenstein-Hawking Entropy and Strange
Metals ”, Phys. Rev. X., 5: 041025 (2015), arXiv:
1506.05111v4 [hep-th] (2015).
[9] A.Kitaev, “A simple model of quantum holog-
raphy”, talks at Kavli Institute for Theoret-
ical Physics, Santa Barbara, U.S.A, (2015),
http://online.kitp.ucsb.edu/online/entangled15/kitaev/,
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/.
[10] A.Kitaev, “A Toy Quantum Black Hole”, talk in Brown
Physics Colloquium, Brown University Department of
Physics, (2017).
[11] A.Kitaev and S.J.Suh, “The soft mode in the Sachdev-Ye-
Kitaev model and its gravity dual”, J. High Energy Phys.,
05: 183 (2018).
[12] J.Maldacena and D.Stanford, “Remarks on the Sachdev-
Ye-Kitaev model”, Phys. Rev. D., 94: 106002 (2016).
[13] J.Polchinski and V.Rosenhaus, “The spectrum in the
Sachdev-Ye-Kitaev model ”, J. High Energy Phys., 04:
001 (2016).
[14] S.Sachdev and J.W.Ye, “Gapless Spin-Fluid Ground State
in a Random Quantum Heisenberg Magnet ”, Phys. Rev.
Lett., 70: 21 (1993).
[15] A.Georges, O.Parcollet, and S.Sachdev, “Mean Field The-
ory of a Quantum Heisenberg Spin Glass ”, Phys. Rev.
Lett., 85: 04 (2000).
[16] A.Georges, O.Parcollet, and S.Sachdev, “Quantum fluctu-
ations of a nearly critical Heisenberg spin glass ”, Phys.
Rev. B., 63: 134406 (2001).
[17] S.F.Edwards and P.W.Anderson, “Theory of spin glasses
”, J. Phys. F, 5: 965 (1975).
[18] D.Sherrington and S.Kirkpatrick, “Solvable Model of a
Spin-Glass ”, Phys. Rev. Lett., 35: 26 (1975).
[19] A.J.Bray and M.A.Moore, “Replica theory of quantum spin
glass ”, J. Phys. C: Solid St. Phys., 13: L655-60 (1980).
[20] N.D.Mermin and H.Wagner, “Absence of ferromagnetism
or antiferromagnetism in one- or two-dimensional isotropic
Heisenberg models ”, Phys. Rev. Lett., 17: 22 (1966).
[21] L.A.Pastur and M.V.Shcherbina, “Absence of Self-
Averaging of the Order in the Sherrington-Kirkpatrick
Model ”, J. St. Phys., 62: 1/2 (1991).
[22] M.Talagrand, “Replica Symmetry Breaking and Exponen-
tial Inequalities for the Sherrington-Kirkpatrick Model ”,
The Annals of Probability, 28: 03 (2000).
[23] I.Aref’eva, M.Khramtsov, M.Tikhanovskaya and
I.Volovich, “Replica-nondiagonal solutions in the SYK
model”, arXiv: 1811.04831 [hep-th] (2018).
[24] D.Bagrets, A.Altland and A.Kamenev, “Sachdev-Ye-
Kitaev model as Liouville quantum mechanics”, Nucl. Phys.
B, 911: 191-205 (2016).
[25] G.Baskaran, Z.Zou and P.W.Anderson, “The Resonat-
ing Valence Bond State and High-T
C
Superconductivity-A
Mean Field Theory ”, Solid State Communications, 63: 11
(973-976) (1987).
[26] X.G.Wen, “Quantum Field Theory of Many-Body Systems
”, Oxford University Press, UK, (2004).
[27] N.Read and S.Sachdev, “Some Features of the Phase Dia-
gram of the Square Lattice SU(N) Antiferromagnet ”, Nucl.
Phys. B, 316: 609-640 (1989).
[28] M.Talagrand, “The Sherrington-Kirkpatrick model: a chal-
lenge for mathematicians ”, Probab. Theory Relat. Fields,
110: 109-176 (1998).
[29] J.E.Hirsch, “Discrete Hubbard-Stratonovich transformation
for fermion lattice models ”, Phys. Rev. B., 28: 7 (1983).
[30] G.M.Buendia, “Comparative study of the discrete and con-
tinuous Hubbard-Stratonovich transformation for a one-
dimensional spinless fermion model ”, Phys. Rev. B., 33:
5 (1985).
[31] H.Kleinert, “Hubbard-Stratonovich transformation: Suc-
cesses, Failure, and Cure ”, arXiv: 1104.5161 [cond-
9mat.quant-gas] (2011).
[32] Y.Gu, A.Kitaev, S.Sachdev and G.Tarnopolsky, “Notes on
the complex Sachdev-Ye-Kitaev model”, arXiv: 1910.14099
[hep-th] (2019).
[33] P.C.West, “Supergravity, Brane Dynamics and String Du-
ality ”, arXiv:9811101 [hep-th], (1998).
[34] M.Nakahara, “Geometry, Topology and Physics ”, Institute
of Physics Publishing, UK, Chapter 12, (2003).
[35] Jose´ Figueroa-O’Farrill, “Majorana Spinors ”, (online
note).
[36] S.Weinberg, “Tetraquark Mesons in Large-N Quantum
Chromodynamics ”, Phys. Rev. Lett., 110: 261601 (2013).
[37] R.F.Lebed, “Large-N structure of tetraquark mesons ”,
Phys. Rev. D., 88: 057901 (2013).
[38] M.Chen and Y.C.Huang, “Counting similarities between
tetraquark and mesonic/gluonic operators”, Eur. Phys. J.
A., 52: 329 (2016).
[39] G.’t Hooft, “Baryons in the 1/N Expansion”, Nucl. Phys.
B, 72: 461-473 (1974).
[40] E.Witten, “Baryons in the 1/N Expansion”, Nucl. Phys.
B, 160: 57-115 (1979).
[41] B.Lucini and M.Panero, “SU(N) gauge theories at large
N”, Phys. Repts. 526: 93-163 (2013).
[42] A.V.Manohar, “Large N QCD”, arXiv: 9802419 [hep-ph]
(1998).
[43] S.Coleman, “Aspects of Symmetry ”, Cambridge University
Press, New York, U.S.A, (1979).
[44] R.Gurau, “The 1/N expansion of colored tensor models”,
arXiv: 1011.2726 [gr-qc] (2010).
[45] V.Bonzom, R.Gurau, A.Riello and V.Rivasseau, “Critical
behavior of colored tensor models in the large N limit”,
arXiv: 1105.3122 [hep-th] (2011).
[46] R.Gurau, “The complete 1/N expansion of a SYK-like ten-
sor model”, arXiv: 1611.04032 [hep-th] (2017).
[47] V.Rosenhaus, “An introduction to the SYK model”, arXiv:
1807.0333 [hep-th] (2018).
[48] P.Roman, “Advanced Quantum Theory, An Outline of the
Fundamental Ideas ”, Addison-Wesley Publishing Com-
pany, U.S.A, (1965).
[49] S.Giombi and X.Yin, “The higher spin/vector model dual-
ity”, J. Phys. A: Math. Theor., 46: 214003 (2013).
[50] S.A.Hartnoll, A.Lucas and S.Sachdev, “Holographic quan-
tum matter”, arXiv: 1612.07324v3 [hep-th] (2018).
[51] A.Kitaev, “Notes on S˜L(2,R) representations ”, arXiv:
1711.08169v2 [hep-th] (2018).
[52] R.Jackiw, “Lower Dimensional Gravity ”, Nucl. Phys. B,
252: 343-356 (1985).
[53] C.Teitelboim, “Gravitation and Hamiltonian Structure in
Two Spacetime Dimensions ”, Phys. Lett. B., 126: 41
(1983).
[54] A.Almheiri and J.Polchinski, “Models of AdS2 backreaction
and holography”, J. High Energy Phys., 11: 014 (2015).
[55] M.Taylor, “Generalized conformal structure, dilaton gravity
and SYK ”, J. High Energy Phys., 01: 010 (2018).
[56] S.W.Hawking and R.Penrose, “The Singularities of Grav-
itational Collapse and Cosmology ”, Pro. Roy. Soc. Lond.
A., 314: 529-548 (1970).
[57] S.W.Hawking, “Gravitational Radiation from Colliding
Black Holes”, Phys. Rev. Lett., 26: 21 (1971).
[58] S.W.Hawking, “Black Holes in General Relativity”, Com-
mun. math. Phys., 25: 152-166 (1972).
[59] S.W.Hawking, “Black hole explosions?”, Nature, 248
(1974).
[60] S.W.Hawking, “Wave function of the Universe”, Phys.
Rev. D., 28: 12 (1983).
[61] S.W.Hawking, “Information loss in black holes”, Phys.
Rev. D., 72: 084013 (2005).
[62] T.Dray and G.’t Hooft, “The gravitational shock wave of a
massless particle”, Nucl. Phys. B, 253: 173 (1985).
[63] G.T.Horowitz and N.Itzhaki, “Black holes, shock waves,
and causality in the AdS/CFT correspondence”, J. High
Energy Phys., 02: 010 (1999).
[64] A.Larkin and Y.Ovchinnikov, “Black Holes in General Rel-
ativity”, J. Exp. Theor. Phys., 28: 1200 (1969).
[65] S.H.Shenker and D.Stanford, “Black holes and the butterfly
effect ”, J. High Energy Phys., 03: 067 (2014).
[66] S.H.Shenker and D.Stanford, “Stringy effects in scrambling
”, J. High Energy Phys., 05: 132 (2015).
[67] A.Kitaev, “Hidden correlations in the Hawking ra-
diation and thermal noise”, talk at Breakthrough
Prize Symposium, San Francisco, U.S.A, (2014),
https://www.youtube.com/watch?v=OQ9qN8j7EZI.
[68] J.Maldacena, S.H.Shenker and D.Stanford, “A bound on
chaos ”, J. High Energy Phys., 08: 106 (2016).
[69] J.M.Maldacena, D.Stanford and Z.B.Yang, “Conformal
symmetry and its breaking in two dimensional Nearly Anti-
de-Sitter space”, arXiv: 1606.01857v2 [hep-th] (2016).
[70] K.Jensen, “Chaos in AdS2 Holography ”, Phys. Rev. Lett.,
117: 11 (2016).
[71] J.Engelso¨y, T.G.Mertens and H.Verlinde, “An investiga-
tion of AdS2 backreaction and holography”, J. High Energy
Phys., 07: 139 (2016).
[72] G.Veneziano, “Large N Expansion in Dual Models ”, Phys.
Lett. B., 52: 220-222 (1974).
[73] G.Veneziano, “Large N expansion in dual models ”, Phys.
Lett. B., 74: 365 (1974).
[74] G.Veneziano, “Some Aspects of a Unified Approach to
Gauge, Dual and Gribov Theories ”, Nucl. Phys. B, 117:
519-545 (1976).
[75] David Tong, “String Theory”, University of Cambridge
Part III Mathematical Tripos, UK, (arXiv: 0908.0333v3
[hep-th]) (2012).
[76] M.B.Green, J.H.Schwarz and E.Witten, “Superstring The-
ory, Volume I ”, Cambridge University Press, New York,
U.S.A, (1987).
[77] J.Murugan, D.Stanford and E.Witten, “More on supersym-
metric and 2d analogs of SYK model ”, J. High Energy
Phys., 08: 146 (2017).
[78] A.Jevicki, K.Suzuki and J.Yoon, “Bi-local holography in the
SYK model ”, J. High Energy Phys., 07: 007 (2016).
[79] A.Jevicki and K.Suzuki, “Bi-local holography in the SYK
model: perturbations ”, J. High Energy Phys., 11: 046
(2016).
[80] E.Witten, “An SYK-Like Model Without Disorder”, arXiv:
1610.09758 [hep-th] (2016).
[81] M.E.Peskin and D.V.Schroeder, “An Introduction to Quan-
tum Field Theory ”, Westview Press, Boulder, CO, (1995).
[82] K.G.Wilson and J.Kogut, “The renormalization group and
the ǫ expansion”, Phys. Repts. 12C: 75-199 (1974).
[83] C.Peng, “Vector models and generalized SYK models”,
arXiv: 1704.04223 [hep-th] (2017).
